Abstract Number state filtered coherent states are a class of nonclassical states obtained by removing one or more number states from a coherent state. Phase sensitivity of an interferometer is enhanced if these nonclassical states are used as input states. The optimal phase sensitivity, which is related to the quantum Cramer-Rao bound (QCRB) for the input state, improves beyond the standard quantum limit. It is argued that removal of more than one suitable number state leads to better phase sensitivity.
pressure which decreases sensitivity [10, 11] . However, SQL is not the lowest bound for phase measurements. If suitable nonclassical states are used as input states sensitivity can be improved [15, 19] . For instance, squeezed vacuum (SV) and coherent state in the input of MZI beats the standard quantum limit [11] . The optimal phase shift that can be resolved using these input states is ∆θ = e −r / √ N , where r is the squeezing parameter [30] . The minimum phase shift that can be detected in an interferometer is bounded by the Heisenberg limit (HL) [10, 16] , i.e. ∆θ HL = 1/N , where N is the average number of photons input to the interferometer. Enhancement of phase sensitivity beyond SQL can be achieved using nonclassical states in the input. For instance, NOON state [6, 25] , entangled coherent state [26, 27, 32] , pair coherent state [17] , twin Fock state [9, 31] , squeezed thermal state and even or odd coherent states [36] , coherent state and number state [4] , two mode squeezed states [5] , etc improve phase sensitivity of interferometer.
Another interesting case is to replace the vacuum port with a coherent state input so that the input is a double coherent state, i.e., |α |β . The optimal phase sensitivity that can be achieved is ∆θ = 1/ |α| 2 + |β| 2 [2] . If α = β, then ∆θ = 1/ √ 2N, N being the average number of photons in any one of the inputs. Substituting the vacuum with a coherent state in the input improves the phase sensitivity. However, it does not go below SQL. This arises from the fact that the classical input states remain classical at the output of MZI.
It is of interest to construct input states that overcome SQL. In this article, we investigate the phase sensitivity of a special class of non-classical states called the number state filtered coherent states (NFCS) [33] . Quantum Cramer-Rao bound (QCRB) gives the optimal phase sensitivity achievable for a given input state [12, 29, 34] . Hence, QCRB is used to quantify the achievable phase sensitivity. Using NFCS and coherent state, Heisenberg limit is asymptotically reached for large average photon number. Filtering a single number state from coherent state improves the phase sensitivity. It can be improved further by filtering more than one number state from the coherent state. We show that the odd coherent state (OCS) and even coherent state (ECS), where even and odd photon number states are filtered out, perform as well as SV for phase measurement.
This article is organized as follows: A brief review of calculation of quantum Fisher information (QFI) and QCRB is given in Sec. 2. Phase sensitivity of single number state filtered coherent state is discussed in Sec. 3. In Sec. 4, the optimal phase sensitivity achievable using multi-number states filtered coherent state such as ECS and OCS is presented. We discuss the role of nonclassicality of the quantum state on phase sensitivity in Sec. 5. Finally, we summarize the results in Sec. 6.
Quantum Fisher information
In this section, a brief overview on quantum Fisher information of the input state to the MZI is presented. Interestingly, QFI is related to the quantum Cramer-Rao bound [23, 24, 29, 31] , which provides a lower bound in phase sensitivity.
Let the input state to the interferometer be a product state of the form |ψ in = |ψ 1 |ψ 2 , where |ψ 1 and |ψ 2 are the input states to the ports 1 and 2 respectively as indicated in Fig. 1 . Relevant to phase sensitivity of MZI is the QFI of the state that results after the action of the first beam splitter and phase shift due to the phase object. The unitary operator to represent the action of the first beam splitter (50:50) is U BS = e Defining
The unitary operators are recast as U BS = exp
and U θ = exp(−iθJ z ) respectively.
Quantum Fisher information for a pure state |ψ in is [7, 24, 29, 31 ]
where
and
Using the Eqns. 5 and 6, QFI given in Eqn. 4 becomes
which is proportional to the variance of J y in the input state |ψ in . Here we have used the identity
2 ), Eqn. 7 can be written as
where implies expectation value in the input state |ψ in .
The phase shift that can be resolved by a given input state in an interferometric arrangement is bounded by [7, 11, 24, 29, 31] 
the quantum Cramer-Rao bound [12, 34] . The optimal phase shift ∆θ QCRB = 1/ F Q (θ). This relationship implies that for better phase sensitivity, the states input to the MZI should have larger F Q (θ).
We assume that the input to the port 2 is a coherent state |β throughout the discussion. For this choice,
The expectation values of operators for the input port 1 appearing in Eqn. 11 are to be calculated in |ψ 1 .
Single number state filtered coherent state
In this section, we study the phase sensitivity of single number state filtered coherent state (SNFCS) in terms of quantum Cramer-Rao bound. SNFCS is defined as [33] |ψ(α, m) = e
where N m = 1 − e −|α| 2 |α| 2m m! . This definition implies that the number state |m is absent from the coherent state. Hence, the probability of detecting m photons in |ψ(α, m) is zero.
Phase sensitivity with SNFCS and coherent state input
In order to investigate the advantages of using SNFCS, consider the input state |ψ in = |ψ(α, m) |β , wherein the vacuum state in the input port has been replaced with |ψ(α, m) . From Eqn. 11, QFI associated with this input is
The expectation values of operators relevant for the input port 1 are calculated in |ψ(α, m) . QCRB for the aforementioned input state is
and the corresponding HL and SQL are
In Fig. 2 , ∆θ S is shown as a function of m. For comparison, ∆θ HL and ∆θ SQL are also shown. It is to be noted that the optimal phase sensitivity ∆θ S surpasses SQL if SNFCS is used instead of vacuum state as the input in MZI. This indicates that filtering a number state from coherent state enhances phase sensitivity in an interferometric phase measurement. Moreover, maximum sensitivity is achieved when |α| 2 = m, as seen in Fig. 2 . On the other hand, if |α| 2 >> m or |α| 2 << m, ∆θ S reaches ∆θ SQL . In this limit | ψ(α, m)|α | 2 ≈ 1, which implies |ψ(α, m) ≈ |α [33] .
Interestingly, for |α| 2 = |β| 2 >> 1 and m = |α| 2 , ∆θ S given in Eqn. 17 becomes which shows the Heisenberg scaling ∆θ S ∝ 1/N , as can be seen in Fig. 3 . Here N = |α| 2 + |β| 2 , which is the total average number of photons at the MZI input. It is to be noted that the average number of photons in |ψ(α, m) is |α| 2 when m = |α| 2 .
It is known that SV and coherent state at the input of a MZI achieves optimal phase sensitivity. As a comparison, we show QCRB for |ψ(α, m) |β and |ξ |β in Fig. 4 , where |ξ is SV. For the input state |ξ |β , QCRB is [10, 11] ∆θ SV = 1
where r is the squeezing parameter chosen in such a way that |α| 2 = sinh 2 r. This condition ensures that the average number of photons in |ξ and |ψ(α, m) are equal if m = |α| 2 . As can be seen in Fig.  4 , ∆θ SV < ∆θ S , which indicates that the performance of SV is better than that of SNFCS.
Multi-number states filtered coherent state
If more than one number state are filtered from a coherent state, the resultant state is a multi-number states filtered coherent state (MNFCS). In the number state basis
where the set {m} contains more than one integer. If {m} has only a single member, this state reduces to the state given in Eqn. 12 which is the SNFCS.
Two special classes of states, namely, even coherent state and odd coherent state belong to this category [8, 14] . If the set {m} contains only odd (even) integers, then the resultant state is even (odd) coherent state. Number state representation of ECS and OCS are
respectively. These states are nonclassical [8, 14] .
Phase sensitivity using MNFCS and coherent state
Let the input state to MZI is |ψ(α, {m}) |β . QCRB for this input can be calculated using the Eqn. 11 where the expectation values are to be calculated in the state |ψ(α, {m}) . We denote the QCRB for this input as ∆θ M .
to quantify the effectiveness of the input state. The case Θ = 1 corresponds to the ultimate phase sensitivity achievable.
is the average number of photon in MNFCS .
The ratio Θ depends on the choice of {m}. The optimal choice is the set which yields the lowest ∆θ M for a given α and β. The ratio Θ for the input |ψ(α, {m}) |β is shown in Fig. 5 as a function of k. Here k denotes the number of Fock state filtered, equivalently, number of elements in the set {m}. For example, SNFCS corresponds to k = 1 as the set {m} contains only one integer. It is to be noted that as k increases, i.e., number of Fock state filtered from the coherent state increases, Θ decreases. This signifies an improvement of phase sensitivity. Hence, filtering number states from coherent state enhances phase sensitivity.
QCRB for |α, + |β as the input state is where θ = arg(α) and
is the average number of photons in ECS.
A similar expression for QCRB for the input state |α, − |β , i.e., ∆θ − is given by substituting α, +| a †
is the average number of photons in OCS. For |α| >> 1, α, +| a †
Fig . 6 shows ∆θ SV , ∆θ − and ∆θ + as a function of |α| for θ = π/2. We choose α and r such that α, +| a † 1 a 1 |α, + ≈ α, −| a † 1 a 1 |α, − ≈ ξ| a † 1 a 1 |ξ . All the three curves coincide for large average photon number. For |α| 2 >> 1,
which are equal to the ∆θ SV given in Eqn. 21. Hence, ECS and OCS perform as good as SV for phase measurement.
Nonclassicality and phase sensitivity
Phase sensitivity of an interferometric setup using classical inputs can not surpass standard quantum limit. It requires one of the inputs to be non-classical to go beyond SQL. A pertinent question that arises is whether a maximally nonclassical state shows maximum phase sensitivity.
In this section, we discuss the role of nonclassicality on phase measurement using number state filtered coherent states. Nonclassicality of a state |φ is quantified in terms of the volume (N v ) of the Here we assume β = |α|, θ = π/2. We choose α and r such that α, +| a † negative portion of Wigner function W |φ (χ) [28] ,
where χ ′ and χ ′′ are the real and imaginary part of χ. For a given |φ ,
is the Wigner function for the state |φ [16, 37] . Here D(χ) = exp(χa † − χ * a) is the displacement operator [16, 20] .
Negativity of Wigner function for those states which achieve minimum ∆θ M is shown as a function of k in Fig. 7 . Phase sensitivity increases as k increases (refer Fig. 5 ) whereas the nonclassicality initially increases and then decreases as shown in Fig. 7 . Hence, there is no guarantee that increasing nonclassicality will enhance phase sensitivity.
Summary
Coherent state and the vacuum as input states limit the phase sensitivity of Mach-Zehnder interferometer to the standard quantum limit which is inversely proportional to the square root of the mean number of photons in the input state. Surpassing this limit requires replacement of the vacuum by a nonclassical state. Phase sensitivity, quantified in terms of quantum Cramer-Rao bound, shows improvement beyond the standard quantum limit if number state filtered coherent states are used instead of the vacuum. Phase sensitivity increases further if many number states are removed from the coherent state. As an extension, the even and odd coherent states also classified as number state filtered coherent states. These states, with infinite number of states filtered, show significant improvement in phase sensitivity. For equal average number of photons, even and odd coherent states performance is as good as that of the squeezed vacuum as far as phase measurements are concerned. Though phase sensitivity increases with removing more number states from the coherent state, it is seen that nonclassicality does not increase monotonically.
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